We analyze the role played by local translational symmetry in the context of gauge theories of fundamental interactions. Translational connections and fields are introduced, with special attention being paid to their universal coupling to other variables, as well as to their contributions to field equations and to conserved quantities.
I. INTRODUCTION
Translational invariance is the main symmetry underlying Classical Mechanics, being responsible for linear momentum conservation, and thus for the law of action and reaction and for inertial motion. Therefore, it is amazing to realize the nearly irrelevant role, if any, assigned to such symmetry in other dynamical contexts, in particular in those concerned with basic interactions, such as General Relativity and gauge theories, where generalized forms of momentum occur.
Global spacetime translations, as a constitutive part of the Poincaré group, are certainly recognized as essential for the spacetime conception of Special Relativity. But as far as General Relativity makes appearance, general covariance disguises the meaning of local translations. Furthermore, local translational symmetry is usually ignored in the context of gauge theories, with few exceptions provided by a particular approach to gravity based on local spacetime groups such as the Poincaré or the affine one [1] [12] . We conclude that the central role of translational invariance as a foundational principle remains far from being universally recognized, when it is not even explicitly refused by claiming it to be necessarily violated [13] .
The aim of the present paper is to uncover the hidden presence of local translational symmetry in the context of gauge theories. This will be achieved by considering the gauging of a spacetime group together with an internal group, exploiting the virtualities of certain suitable translational variables introduced in previous papers [10] [11] [12] [14] . For the sake of simplicity we choose Poincaré ⊗ U (1) as the gauge group, with electrodynamics taken as a characteristic representative of general Yang-Mills theories. However, the interplay we are going to show, concerning the universal coupling of the translational variables to gauge potentials and fields * romualdotresguerres@yahoo.es of the remaining symmetries, is easily generalizable to any internal group, so that all our results are applicable to the whole Standard Model by considering Poincaré ⊗ SU (3) ⊗ SU (2) ⊗ U (1) ; a simple task which is left to the reader. With special care in explicitly displaying the role played by translations, we will begin closely following the steps of Hehl et al. [7] to develop a Lagrangian formalism giving rise to the field equations and to the Noether identities connected to the gauge symmetry. Then, an apparent digression on the rudiments of a Hamiltonian approach leads us to the identification of a well behaved -automatically conserved-energy current 3-form related to the translational variables.
The paper is organized as follows. In Section II we recall the significance of translations for Newtonian Mechanics, showing the main lines of the way to go on. In Section III we discuss an exterior calculus reformulation of the standard variational principles. In IV we derive the field equations, and in V the Noether identities. In VI a Hamiltonian-like 3-form is introduced, and a definition of a conserved energy current-different from the (vanishing) Hamiltonian one-is suggested. In order to illustrate the previous results with more familiar formulas, in VII we derive spacetime relations [15] between excitations and field strengths generalizing the electromagnetic case (111), using several common Lagrangian pieces for matter and for fundamental interactions. In VIII we outline a Hamiltonian formalism containing a generalized translational Gauss law as the constraint acting as generator of translations. The paper ends with several final remarks in IX and with the Conclusions. However, we still leave for the appendices some related comments on the geometrical and kinematical interpretation of the formalism.
II. GLOBAL TRANSLATIONS IN NEWTONIAN DYNAMICS A. Laws of motion
In Classical Mechanics, linear momentum conservation, as derived from global space translations with the help of Noether's theorem, constitutes the ground where Newton's motion equations rest on. Actually, the law of inertia expresses conservation of the momentum of an isolated particle, while the law of action and reaction is the necessary and sufficient condition for momentum conservation of a system consisting of two particles. As for the forces introduced by the second law, they are suitably defined as quantities measuring the mutually compensating change induced on the momenta of the individual bodies, in such a way that conservation of the total linear momentum is guaranteed.
The fundamental role played by translations in Newtonian dynamics is explicitly shown by considering a system constituted by two particles, characterized by a Lagrangian depending on their positions and velocities, that is L = L (x ) (where the dot denotes as usual derivation with respect to the time parameter t ), being the linear momenta of the particles respectively defined as p (1) a := ∂L/∂ẋ − dp
− dp 
Assuming the derived term in (1) to vanish at the integration limits, the principle of least action requiring the action S = L dt to be extremal gives rise to the motion equations ∂L ∂x a 1 − dp (1) a dt = 0 , ∂L ∂x a 2 − dp (2) a dt = 0 ,
where the gradients in (2) are identifiable as forces, illustrating Newton's second motion equation for conservative forces deriving from a potential. Now we return back to (1) presupposing the motion equations (2) to hold, and instead of a general variation, we perform a rigid displacement of the whole system. That is, we consider a translational group variation characterized by the constant parameters ǫ a . Since we are dealing with global transformations, we assume the variation to be simultaneously well defined at distant places, being the same for both separated position variables x 
a + p (2) a .
From (3) we read out that invariance under translations requires the conservation of linear momentum d dt p (1) a + p
which is a condition not contained in (2) . Actually, by replacing (2) in (4), we get the law of action and reaction
affecting the forces appearing in (2) . Eq. (5) is a direct consequence of translational invariance, implying the Lagrangian dependence on the individual positions x
to appear as dependence on the relative position x
...) . Besides Newton's second law (2) and third law (5), one also obtains the first one by considering a system consisting of a single particle. Being the latter isolated in the universe, no forces are present and (4) reduces to dp (1) a /dt = 0 , expressing the principle of inertia concerning a single particle.
Historically, Descartes was pioneer in postulating a rough (scalar) version of momentum conservation ( say p (1) + p (2) = const. ) in the context of contact interactions as occurring in collisions. The improved continuous (vector) formulation (4) of this principle -derivable, as already shown, from local translational invariancesuggests the introduction of Newton's forces as quantitatively reflecting the soft changes of the momenta, see (2), thus being interpretable as measures of non-contact interactions. Since, according to (4) , mutually compensating changes of momenta occur simultaneously at separated places as a result of global space-translational symmetry, instantaneous action at a distance as admitted in Newtonian mechanics manifests itself as a byproduct of such symmetry.
B. The guiding principles
The previous derivation of Newton's laws is based on a variational principle together with a symmetry principle, being both generalizable as powerful form-giving instruments underlying diverse dynamical formulations. However, they don't contain the complete physical information. Indeed, a third non actually existing principle would be necessary to entirely deduce empirically meaningful equations, both in the Newtonian as much as in the gauge-theoretical framework. When applied to the former classical example, the lacking principle should be responsible for justifying a Lagrangian
(where the potential V could also be specified), allowing to go beyond the mere form of equations (2) Regarding gauge theories, the lacking principle would be expected to provide a criterium to establish the form of the Lagrangian giving rise for instance to suitable spacetime relations of the Maxwell-Lorentz type (111), determining the generalized excitations studied in Section VII. Since we don't have such a third principle, we are limited to adopt several Lagrangian pieces as established by experience. Of course, we had avoided effort by having directly taken (6) as the starting point to derive the classical dynamical equations, since this Lagrangian resumes all the information discussed previously. However, by doing so we had lost the possibility of studying separately the contributions to the conformation of physical laws coming from each of the different principles invoked. Actually, from our treatment of the example of Newtonian Mechanics, we read out a general scheme to be kept in mind for what follows, consisting of three steps.
1.-First we consider the least action (in fact, the extremal action) variational principle giving rise to the field equations in terms of quantities to be determined. The application of the principle does not require to know the particular form of the Lagrangian. One merely has to choose the dynamical variables, taking the Lagrangian to be a functional of them and of their (first) derivatives. If symmetry conditions are still not taken into account, the resulting field equations are trivially non covariant, see (23) - (28) below.
2.-Covariance is a consequence of the symmetry principle requiring the field equations to be compatible with invariance of the action under transformations of a particular symmetry group, see (55)-(57) below. Depending on the group parameters being constant quantities or not, symmetries are global or local, both relating to conservation laws through Noether's theorem. (The symmetry principle in its local form is the gauge principle.)
3.-Finally, from the lacking third principle we would expect a guide for establishing the fundamental spacetime relations analogous to the Maxwell-Lorentz electromagnetic one (111). As a succedaneum of such principle, we take as guaranteed by a long experience the well established form of the Lagrangians of Dirac matter and electromagnetism, while for gravity we choose from the literature [16] a reasonable generalization (120) of the Hilbert-Einstein Lagrangian for gravity, including quadratic terms in the irreducible pieces of torsion and curvature, constituting a tentative form to be adjusted by fixing certain parameters. See Section VII.
III. VARIATIONAL TREATMENTS OF THE ACTION
We use a formalism based on exterior calculus [7] , with differential forms playing the role of dynamical variables. The fundamental kinds of objects involved in gauge theories consist of connections ( 1-forms ) and fields ( 0-forms ), both of them (denoted generically as Q with all indices suppressed for simplicity) being fiber bundle constitutive elements. In terms of Q and of their exact differentials, we build the Lagrangian density 4-form as a functional L (Q , dQ ), whose integral on a compact four-dimensional region D of the bundle base space M constitutes the action
The bundle structure provides a geometrical background for different variational and symmetry considerations. In fact, in a bundle, two mutually orthogonal sectors exist, being the fibers regarded as vertical while the base space is conventionally taken as horizontal. Accordingly, two different kinds of variations are distinguished, depending on whether one moves vertically -by keeping fixed the integration domain-, or one alternatively considers horizontal displacements to neighboring integration regions of the base space [17] . Each of these main categories of variations can be approached in different manners. So, besides generic vertical variations of the fields required to leave (7) stationary in virtue of the principle of least action giving rise to the Euler-Lagrange equations, one has to consider the important particular case of vertical automorphisms along fibers, providing the bundle interpretation of gauge transformations. On the other hand, the action is not required to be left invariant under horizontal motions in order to derive dynamical laws. Nevertheless, such invariance can actually occur. For instance, displacements along base space paths generated by Killing vectors play the role of base space symmetry transformations.
A. Vertical variations
We first consider variations of (7) affecting the variables Q (transforming Q intoQ , say ) while leaving the base space integration domain D untouched, so that
where the integrated variation is to be understood as the infinitesimal limit of the difference
In view of the functional dependence of (7), the chain rule yields
which, being [ δ , d ] = 0, is trivially brought to the form
analogous to (1) with p corresponding to the degree of the p-form Q. Variations of the action as given by (10) reveal to be useful to formalize both principles 1 and 2 of Section II B. These complementary impositions of vertical invariance of the action mainly differ from each other in the kind of field transformations considered in each case -namely generic variations versus group variationsas much as in the dissimilar treatments applied to the exact term in (10) .
On the one hand, the variational principle of extremal action demands the vertical invariance of the action (7) by simultaneously imposing boundary conditions. According to Stokes' theorem 1 , (8) with (10) yields
(11) Stationarity of the action is imposed inside the integration domain D for generic variations δQ, arbitrary everywhere but at the integration boundary, where they are fixed (like the borders of a vibrating membrane, say) so as to cancel out the hypersurface term . In this way we derive the Euler-Lagrang equations
generalizing (2) . On the other hand, one can attend to the symmetry principle by considering gauge group transformations instead of arbitrary variations by taking δQ as describing vertical automorphisms on the bundle [18] . By requiring the field equations (12) still to hold, the vanishing of (10) then reduces to that of the exact term, yielding the symmetry induced current conservation
according to Noether's theorem. (Compare with eq.(4) of Newtonian Mechanics.) The new result (13) replaces the boundary condition by a symmetry requirement while keeping vertical invariance. We will show immediately how the consistence between (12) and (13) causes the covariantization of the field equations by imposing suitable conditions on the partial derivatives ∂L ∂Q occurring in (12) .
B. Horizontal variations
In addition, one can alternatively evaluate horizontal diffeomorphisms f : M → M acting on points p ∈ M of the base space manifold [17] . (A horizontal displacement on the base space of a bundle implies 1 The Stokes theorem establishes
being ω a p-form on the (p + 1)-dimensional compact integration domain D of the manifold M , with boundary ∂D. a displacement moving from fibers to fibers.) Using
between the values of (7) at domains displaced with respect to each other, where the notation ∆ hor indicates that we are considering horizontal (base-space) diffeomorphisms. The pullback f * :
* ω , thus allowing to rewrite the first term in the r.h.s. of (14) on the integration domain D , so that it becomes comparable with the second one. By doing so while taking the diffeomorphism to depend on a parameter s as f s and to be generated by a vector field X, we find the horizontal variation (14) in the infinitesimal limit to reduce to
In view of the identity of the integrand with the standard definition of the Lie derivative [19] , we finally get
The Lie derivative in (16) measures the horizontal variation of the Lagrange density form along the vector field X on the base space. For arbitrary p-forms α, the Lie derivative takes the explicit form
A chain rule analogous to (9) holds for the Lagrangian Lie derivative in (16) as
Only for certain vector fields X generating base space symmetries (Killing vectors), the Lie derivative (18) vanishes. In general, displacements on M do not leave the Lagrangian form invariant, but they change it as l x L = 0. In view of (17), we find the Lie derivative of the 4-form Lagrangian density to be l x L := d (X⌋L ) . Thus from (18) , being [ l x , d ] = 0, we find the identities
where we introduced the shorthand notation that we will use from now on for the variational derivative as appearing in (10)-(12), namely
whose vanishing means fulfillment of the field equations. Since we aren't going to consider base space symmetries, the non-vanishing r.h.s. of (16) represents the effect of an admissible horizontal shift of the integration domain, while the horizontal identities (19) are merely a reformulation of the chain rule (18) . However, provided the field equations hold -in view of vertical stationarity-so that (20) vanishes, the horizontal identities (19) loose the last term, transforming into equations expressing the compatibility conditions between vertical invariance and horizontal displacements. The Noether type identities we are going to derive in Section V are of this kind .
IV. GAUGING THE POINCARÉ GROUP TIMES AN INTERNAL SYMMETRY
The usually hidden role played by translations in gauge theories will be revealed by applying step by step the guiding principles presented in Section II B. We choose the Poincaré ⊗ U (1) group, giving rise to a gauge theory of gravity and electromagnetism, because of its simplicity in considering together an internal and a spacetime symmetry including translations. But our results are applicable to other spacetime symmetry groups such as the affine group underlying metric-affine gravity [7] , and to arbitrary internal groups yielding more general Yang-Mills theories such as the Standard Model or any other.
A. The dynamical variables
Regarding the particular treatment given in the present paper to translations, it may be clarifying to know that the author worked for a long time on nonlinear realizations of symmetries. It is in the context of nonlinear gauge approaches to several spacetime groups [10] [11] [12] [14] [20] that certain coordinate-like translational Goldstone fields ξ α occur, playing an important role in allowing the interpretation of tetrads as modified translative connections transforming as Lorentz covectors, thus making it possible to build Geometry entirely in gauge-theoretical (dynamical) terms.
In a previous paper [14] , the author proposed a composite fiber bundle structure suitable to deal with nonlinear realizations of symmetries, and in particular with the gauge treatment of translations. The existence in such bundle of three mutually orthogonal sectors has as a consequence that translational fibers, although vertical when referred to the base space, may be regarded as defining an intermediate base space where other fibers are vertically attached to, as to a horizontal basis. Locality with respect to a given point x of the genuine base space is compatible with displacements moving from a position ξ α (x) to a different oneξ α (x) . So to say, the translational sector, characterized by the coordinate-like fields ξ α , provides a dynamical spacetime background for the remaining bundle constituents.
Nevertheless, for what follows we don't need to support the coordinate-like fields theoretically on composite bundles. One can simply introduce such variables ξ α , transforming as in (30) below, regarding them as useful tools whose geometrical meaning as position vectors is discussed in Appendix B. In the following we will make an extensive use of these fields.
In order to deal with the Poincaré ⊗ U (1) symmetry, we take as the fundamental dynamical variables Q acting as arguments of (7) the set
The quantities comprised in (21) are either fields (0-forms) or connections (1-forms). Among them we recognize the previously discussed coordinate-like Goldstone fields ξ α and the matter fields chosen in particular to be Dirac spinors ψ and ψ -all of them 0-formsand in addition we find the electromagnetic potential
, where the index i refers to the underlying four-dimensional base space, while α = 0, 1, 2, 3 are anholonomic Lorentz indices, being the Lorentz connection antisymmetric in α , β .
B. Field equations and symmetry conditions
The variation (9) of a Lagrangian density 4-form depending on variables (21) and on their differentials reads
According to the extremal action principle, the field equations (12) are found to be
(Notice in particular the similitude between (23) and (2).) On the other hand, according to the symmetry principle, the Noether conservation equation (13) takes the explicit form
For the Poincaré ⊗ U (1) symmetry we are considering, the local group variations of the quantities (21) are those of U (1) together with the Poincaré ones as derived for instance in [14] , that is
with group parameters λ(x) , ǫ α (x) , β αβ (x) (the latter being antisymmetric in α , β) depending on the base space coordinates although not explicitly displayed 2 , and being σ αβ the Lorentz generators in terms of Dirac gamma matrices. Intrinsic translations are not considered here, but the interested reader is referred to [21] for a discussion on them. Rising and lowering of indices is performed by means of the constant Minkowski metric o αβ = diag(− + ++) constituting the natural invariant of the Poincaré group. We remark the coordinate-like behavior of ξ α under transformations (30), and we point out the transformation (34) of
Γ α as a connection, disqualifying it as a candidate to be identified as a tetrad.
Replacing in (29) the group variations (30)- (35) we get
where we introduced the definitions of electric current
2 The covariant differentials in (34) and (35) are defined respectively as
and of spin current
In order to deal with (36), we take from [7] the property that a zero exact differential
, with µ α as much as dµ α being pointwise arbitrary, implies the vanishing of both A α and its differential. So from (36) we can derive the equations
where the capital D stands for the covariant differentials; see footnote 3. The compatibility between (39)- (41) and the field equations (26)- (28) requires the following consistence conditions to hold
Eq. (41) is not explicitly covariant, so that for the moment it is not evident that (42)-(44), as derived with the help of the symmetry principle, just imply the covariantization of the field equations (26)- (28) obtained previously. However, we are going to show that precisely that is the case. A further consistence condition follows from covariantly differentiating the covariant equation (40) to get
where R α β is the Lorentz curvature 2-form defined in (A3). By comparing (45) with (23), we find
Notice that in (46) as much as in (42)- (44), and in (5) as well, it is the value of ∂L/∂Q the relevant one to enable covariance under the postulated symmetry. The covariantized form of (23) 
where the original variables (21) appear automatically rearranged into a number of Lorentz covariant objects defined in Appendix A, namely the tetrads ϑ α , the Lorentz ⊗ U (1) covariant derivatives Dψ and Dψ of the matter fields, the electromagnetic field strength F , the torsion T α and the Lorentz curvature R αβ . In all these quantities, any vestige of explicit translational symmetry is absent, see (A7)-(A12), explaining why translations, although genuinely present in the theory, become hidden. The ultimate reason for it is that the only original fields affected by translations according to (30) - (35) , namely ξ α and (T ) Γ α , appear always joined together into the translation-invariant combination
shown with more detail in (A1). Contrary to the original translative connection (T ) Γ α , the modified one (48) transforms as a Lorentz covector, see (A7), making it possible to identify (48) as a tetrad, with a geometrical meaning compatible with its gauge-theoretical origin.
We further simplify the notation of several quantities also involved in (47). Firstly we define the canonical energy-momentum 3-form
resembling the classical definition p a := ∂L/∂ẋ a of ordinary linear momentum. The symmetry condition (43) reveals a double character of (49) by showing its equality -up to terms having to do with covariance-with a translational current. It is in this second interpretation as a current that Π α will behave as a source for gravitational fields, see (56) below.
The ambiguity concerning the meaning of Π α becomes increased by realizing, as we will do in Section V, that all fields of the theory contribute to this quantity. Decomposition (60) shows in fact that it consists of material, radiative and gravitational contributions, the double meaning affecting each of them. Usually it is illuminating to separate these different pieces from each other, mainly because matter currents Σ α are naturally regarded as sources, while pure gravitational contributions E α are of a different nature. But for the moment let us keep Π α unified as a whole. By doing so the notation becomes simplified; and on the other hand, it is the complete Π α that will play a role in the definition of the conserved energy current 3-form (84) to be defined in Section VI.
Otherwise, we follow Hehl's standard notation [7] . Taking as a model the electromagnetic excitation 2-form
(to be determined by the Maxwell-Lorentz spacetime relation (111)), we introduce its translative and Lorentzian gauge analogs, defined respectively as the 2-forms
and
The second term in the r.h.s. of (52) is due to the fact that, in view of (A2) with (A1), the torsion reads
, having as a consequence the occurrence of a contribution to (52) through the implicit dependence of T α on R β α . Comparison of (49),(51), (52) with (47) reveals that
In terms of these objects we are going to rewrite (39)-(41). However, first we have to reformulate the non explicitly covariant equation (41), making use of (48) and definitions (49), (51), (52), as
where the term in parentheses is merely (40), thus vanishing independently. So, the field equations (39)-(41) take the form
All of them are explicitly Lorentz covariant 3 , while with respect to translations as much as to U (1), they are invariant. In (55) we recognize the Maxwell equations up to the explicit form of H to be established in (111). The fact that (56) generalizes the gravitational Einstein equations is less evident, but see Section VII C. Both (56) and (57) reproduce the standard form established by Hehl et al. [7] , with the main difference that in (56) we do not separate the different pieces of Π α , as discussed above. The ambiguity derived from considering such a source, which is not a pure matter current -as the electric current J as well as the spin current τ αβ are-, is compensated by the higher formal simplicity.
The redundant equation (45) constituting the covariantized version of (23) is immediately deducible from (56) as
Thus, the simultaneous application of the variational principle yielding (23)- (28), and of the symmetry principle, is summarized by the matter equations (24)- (25) together with the covariant field equations (55)- (57), the latter ones being associated respectively to U (1), translations, and Lorentz symmetry.
V. NOETHER IDENTITIES
In the present section we consider separately the different pieces [7] into which one can meaningfully decompose the Poincaré
comprising on the one hand the material contribution
Notice that the matter part of the Lagrangian depends basically on matter fields and their covariant derivatives, and the electromagnetic and gravitational pieces on the field strengths of the U (1) and the Poincaré symmetry respectively. But not only. The universal ϑ α -dependence is also displayed everywhere. Actually, in Lagrangian pieces where the Hodge star operator * occurs, as it is the case for the physically realistic examples (94), (110) and (120) to be considered later, this dependence is explicitly brought to light by the variational formula (F8). Here we realize for the first time the (nonminimal) universal coupling of the translational variables comprised in the tetrad (48) to the remaining quantities of the theory, having as a consequence that all pieces in (59) contribute to the energy-momentum (49).
We are going to study the conditions for the vertical invariance of every separate part of (59) under Poincaré
⊗ U (1) gauge transformations (30)- (35) -and the derived ones (A7)-(A12)-, as well as the compatibility conditions with the field equations of the horizontal displacements (18) of each independent Lagrangian piece along a generic vector field X. We follow Hehl et al. [7] in deriving simultaneously the Noether type conservation equations for matter currents, as much as the form of the different pieces
into which (49) becomes decomposed consistently with (59), with the obvious notation Σ (42)- (44) we identify the matter currents associated to the different symmetries as the derivatives of the matter Lagrangian with respect to the corresponding connection, as usual in gauge theories, that is
Provided the field equations are fulfilled, the gauge trans-
.
From the vanishing of (62), as required by its postulated Poincaré ⊗ U (1) invariance, we read out first the conservation of the electric current (37), namely
a result which looks trivial in view of being also obtainable by merely differentiating (55). Furthermore we get also the less simple conservation equation for the spin current
a result which is not a priori expected.
On the other hand, we consider a horizontal displacement of the matter part of the action, assuming simultaneously its vertical invariance by supposing the symmetry conditions (63) and (64) to hold. The requirement of vertical invariance of the total action is also kept in mind, reflecting itself in the field equations. In this way we get new identities of the Noether type. For convenience, in our deduction we use (18) rather than the equivalent equation (19) due to the fact that the latter presents no calculational advantage in the present case. Indeed, the variational derivative term in (19) doesn't vanish for each Lagrangian piece separately, since field equations derive from the whole Lagrangian. The Lie derivative (18) 
, so that -as before-for pointwise arbitrary X α and dX α , the vanishing of both A α and B α follows [7] , implying
(67) Eq. (66) is a sort of force equation; see (150). Indeed, in the last of the similar terms entering the r.h.s. we recognize the ordinary Lorentz force involving the electromagnetic field strength and the electric current. The remaining pieces have the same structure, being built from the field strength and the matter current associated to translational and Lorentz symmetry respectively. On the other hand, (67) outlines the form of the matter part of (60). (Recalling the previously discussed ambiguity of energy-momentum, notice that Σ matt α in the r.h.s. of (66) behaves as one of the three kinds of matter currents present in the theory, while in the l.h.s. the same quantity is more naturally understood as matter momentum.)
Having finished our detailed study of the matter part of the Lagrangian, let us now briefly summarize the results obtained by proceeding analogously with the two remaining pieces in (59). Regarding the electromagnetic Lagrangian constituent, its gauge transformation yields
, so that its invariance implies the symmetry condition
The equation analogous to (65) yields
as much as the form of the electromagnetic energymomentum
Finally we consider the gravitational Lagrangian part. Its invariance condition
turns out to be redundant with previous results since it can be immediately derived from the field equations (56), (57), together with (60), (64) and (68). The (65)-analogous equation gives rise to two different results. On the one hand, it yields
which is also redundant, derivable from the field equations (55)- (57) with (60), (66) and (69). On the other hand, it provides the form of the pure gravitational contribution to energy-momentum, namely
The total momentum (60) entering the field equation (56) is found by performing the sum of (67), (70) and (73) as
Written in this form, it will play a relevant role in what follows.
VI. ENERGY CONSERVATION
In Section III B we introduced equation (19) governing horizontal displacements along arbitrary vector fields X on the base space, and we discussed the compatibility of such displacements with vertical invariance of the action (that is, with fulfillment of the field equations). Now we are going to particularize to the case of the prominent vector field n characterized as follows. On the base space we introduce a 1-form ω satisfying the Frobenius' foliation condition ω ∧ dω = 0, whose general solution reads ω = N dτ . With the help of τ obtained in this way, taken to be -at least locally-a monotone increasing variable, it becomes possible to parametrize nonintersecting 3-dimensional base space hypersurfaces. This justifies to regard τ as parametric time, while N is the so called lapse function fixing a time scale. The vector n acquires its temporal meaning through the condition n⌋(N dτ ) = 1 relating it to the parametric time variable. The concept of temporality thus emerges from the foliation of the base space. (The same holds for spatiality, the latter however as a secondary result.) Indeed, in principle no a time coordinate is identifiable as such in the base space. It is through the foliation that parametric time τ appears, conforming its associated parametric time vector field n.
Horizontal displacements along n given by the Lie derivative of any variable are to be understood as parametric time evolution. Being normal to the spatial hypersurfaces, the vector field n is tangential to a congruence of worldlines. The direction defined by the parametric time vector on the base space allows to perform a decomposition [15] of any p-form α into two constituents, respectively longitudinal and transversal to n as
being the longitudinal component
the projection of α along n, and the transversal part
an orthogonal projection on the spatial sheets. The longitudinal part of the tetrad (48) will play a singular role due to the following formal reason. As discussed in Appendix B, one can introduce a vector basis e α dual to the coframes (48) in the sense that e α ⌋ϑ β = δ 
A. Vanishing Hamiltonian-like 3-form
Starting with the identity (19) valid for arbitrary vector fields, we apply it in particular to the time vector n. We do not perform here a complete foliation of the equations as we will do in Section VIII, where we will totally separate longitudinal and transversal parts from each other; but we make use of the notation (76) as a convenient shorthand for quantities such as n⌋Q := Q ⊥ or n⌋L =: L ⊥ . Analogously, applying (17) particularized for the parametric time vector n , we denote
compare with (D2). Using (78) we rewrite (19) as
By defining the Hamiltonian-like 3-form
eq. (79) becomes
Thus, provided the field equations (12) hold, (81) seems to yield a continuity equation dH = 0 affecting the quantity H, the latter being a sort of energy current 3-form. Unfortunately, we are going to prove that such equation trivializes since H itself vanishes. To arrive at such conclusion, we evaluate (80) explicitly for the variables (21).
Although not immediately evident, the first terms in the r.h.s. of (80) can be rearranged into covariant expressions by replacing the symmetry conditions (42)-(44), so that for fulfilled field equations, (80) takes the gauge invariant form
where we used definitions L n ψ := n⌋Dψ = (Dψ) ⊥ , compare with (C1), and F ⊥ := n⌋F , etc.; see (76). By returning back now to the previous result (74), contracting it with ϑ α ⊥ and recalling that n = ϑ α ⊥ e α , we find
revealing that (82) reduces to zero. So, instead of a continuity equation dH = 0 , we merely have a relation between the different terms in (82), namely H = 0 or (83). This result holds independently of the particular form of the Lagrangian, and it is in close relationship with the well known vanishing of any possible Hamiltonian of General Relativity.
B. A well behaved energy current
Since dH = 0 cannot play the role of a law of conservation of energy because of its triviality, we look for an alternative formulation of such law, if possible. At this respect, let us recall the singular role played by translational variables as compared with the remaining constituents of the theory, in the sense that ξ α and Γ α (T ) , confined together in the translation-invariant combination constituting the tetrad (48), couple to any other physical quantity (usually through the ϑ α -terms in (F8), provided the Hodge dual operator occurs, as already mentioned). The universal coupling of translations compels information relative to any other quantity to become stored in the (translational) energy-momentum (74). Accordingly, in (83) each contribution appears twice, so to say: once explicitly and once through Π α , with the result that the total sum cancels out. Having this fact in mind, we propose to identify in (83) a meaningful expression to be defined as (translational) energy, balancing the joint amount of the remaining energy contributions. The possible energy candidate is expected to be conserved.
We find such a quantity effectively to exist, consisting in the energy current 3-form
which in view of (56) satisfies the nontrivial continuity equation
with the meaning of local conservation of energy. By rewriting (83) in terms of (84) while taking into account (C2), we get
where the total -nonvanishing-energy ǫ in the l.h.s. of (86) resumes the whole information concerning the remaining fields displayed in the r.h.s., as already commented.
We conclude that the singularity of the Hamiltonian (82) is a consequence of the presence of translations, even if hidden, in the scheme. This result is unavoidable as far as gravitation is taken into account, since modified translational connections (48) -that is tetrads, or the Riemannian metric built from them-are to be treated as dynamical variables, thus giving rise to the occurrence of a contribution (84) leading to the vanishing of H . Notice that a nonvanishing Hamiltonian-like 3-form H with the ordinarily expected meaning of a nonvanishing energy current only would make sense in contexts where gravitational contributions (and thus translations) were disregarded.
According to (84) and taking the decomposition (60) into account, we introduce three different contributions to energy, namely
respectively defined as
None of them is a conserved quantity. Actually, from (88) with (66) we get for instance
The non zero r.h.s. of (91) may be partially illuminated with the help of the remaining contributions to the total energy conservation (85). Indeed, (89) with (69) yields (90) with (72) we finally find
(93) So, the energy exchange is performed in such a way that not the different types of energy separately, but only the sum (84) of all of them, (88), (89) and (90), is conserved. The reason for it is that, in virtue of (56), the total energy (84), although composed of three highly nontrivial pieces, reduces to an exact form as
, which in general, contrarily to H, is different from zero.
VII. EXPLICIT LAGRANGIAN PIECES
All the previous results were derived by invoking only the least action variational principle together with a symmetry principle. That is, until now we took into account two of the principles of Section II B, but we didn't miss the lacking principle expected to provide the form of the fundamental Lagrangian. However, in order to physically complete the formal scheme deduced previously, we finally have to introduce explicit gauge invariant Lagrangian pieces (59), built from the covariant objects (A1)-(A6), in order to derive the form of energymomentum (49) and of the generalized excitations (50)-(52), as much as of concrete matter equations. In particular, for Dirac matter and for Maxwell electromagnetism we will use the corresponding standard Lagrangians, and for gravity a generalization of the Hilbert-Einstein one.
A. Dirac matter

Let us introduce the Dirac Lagrangian
see [22] , built with the Poincaré ⊗ U (1) covariant derivatives (A5) and (A6), using the notation γ := ϑ α γ α , with γ α as the Dirac gamma matrices, so that * γ := η α γ α ; see (F4). For a discussion on the absence of intrinsic translational contributions in such derivatives, see [21] . From (94) we find
reflecting our sign conventions. The matter field equations take the form
By replacing (95) in (37) and (38) respectively, we get the explicit electric current
satisfying (63), and the spin current
entering (64). Concerning the third matter current, namely matter energy-momentum, the following comment is in order. From the results previous to the introduction of the explicit Lagrangian, it is possible to derive two different expressions for the transversal part (77) of the matter energy-momentum. Indeed, from (64) we find it to be
resembling a phenomenological expression [23] , while (67) yields
(101) In both equations we made use of the decomposition
see (75), into the longitudinal and transversal parts of the matter energy
4 With covariant derivatives defined as
In a more familiar notation, (96) and (97) read
where
see (F3) and (F4) with (A2).
found from (88) with (67). The necessary coincidence between (100) and (101) in principle is not obvious, having to be imposed as a consistence condition. However, it follows automatically from (94). Actually, (67) results to be
for which both (100) and (101) hold simultaneously. This is due to the fact that, being the action explicitly gauge invariant, the consistence of all equations derived from it is guaranteed from the beginning.
Making use of (96) and (97) together with (104), we realize that ϑ α ∧Σ matt α = * m ψψ , and L matt = 0 , so that in this case we also have trivially l n L matt = 0 , implying, according to (16) , that the Dirac matter action does not evolve (horizontally), being time invariant.
B. Electromagnetism
Before introducing the invariant Maxwell Lagrangian, let us start the discussion of the electromagnetic case by deriving equations similar to (100) and (101) respectively. So, from (68) we deduce
while from (70) we get
involving the longitudinal and transversal components, analogous to those in (102), of the electromagnetic energy current
derived from (89) with (70). We are interested in comparing (105) and (106) due to the fact that the consistence between both equations (as alternative expressions of a unique translative quantity) seems to require a relation of the Maxwell-Lorentz type between the electromagnetic excitation and the field strength. Indeed, the last term in (105) reads explicitly
while (106) can be rewritten with the help of (D5), (D9) and (D11), as
Comparison of (108) and (109) keeping in mind the decomposition (D3) strongly suggests the proportionality H ∼ * F , not only as a sufficient condition, but even as a necessary consistence requirement. The Maxwell electromagnetic Lagrangian
see [15] , actually yields for the electromagnetic excitation (50) the explicit form
constituting the Maxwell-Lorentz electromagnetic spacetime relations [15] . It is by replacing (111) in (55) that we get the fundamental Maxwell equations. From (111) with (D3) follows H ⊥ = # F , and H = − # F ⊥ , so that (105) and (106) become actually unified as
On the other hand, the electromagnetic part (70) of the momentum derived from the explicit Lagrangian (110) reads
so that (107) becomes finally
In order to compare this result with more familiar notations [15] , we find the components of the electromagnetic energy current 3-form (114) analogous to the ones in (102) to be the energy flux or Poynting 2-form
being identifiable as the exterior calculus version of the standard Poynting vector
, and the energy density 3-form
equal to the electromagnetic field energy which in standard vector notation reads
The conservation equation (92) can then be brought to a more explicit form by decomposing on the one hand
using (D2), and on the other hand the remaining terms according to (75), to get
Replacing (105), and invoking the formal relation N dτ = −ϑ α ϑ α ⊥ found at the end of Appendix E to deduce
The time derivative of the energy density equals the divergence of the Poynting 2-form, plus additional terms having to do with the underlying geometry, plus a term which in standard notation reads → E · → j dV , being interpretable as Joule's heat produced by the electric current [24] .
In parallel to the matter case, from (113) we find
, so that the electromagnetic action, according to (16) 
Since no universally accepted action exists for gravity, we take from Ref. [16] a quite general Lagrangian density including, besides a term of the Hilbert-Einstein type and a cosmological term, additional contributions quadratic in the Lorentz-irreducible pieces of torsion and curvature as established by McCrea [7] [25] . The gravitational Lagrangian reads
with κ as the gravitational constant, and a 0 , a I , b I as dimensionless constants. Definitions (F2)-(F5) are used, and the quadratic expressions are written taking into account that McCrea's irreducible torsion pieces (I) T α are mutually orthogonal, so that
The same holds for the irreducible curvature pieces (I) R αβ . From (120) we calculate the translational and Lorentz excitations (51) and (52) respectively to be
and we find the pure gravitational contribution (73) to the energy momentum
(Notice the resemblance between (123) and (113).) For completeness, let us also calculate the formulas analogous to (106) and (107) respectively. From (73) we get
while (90) with (73) takes the form
On the other hand, the gravitational Lagrangian reduces to
with
For readers which are not familiar with exterior calculus notation [7] , it may be useful to show how ordinary general relativistic Einstein equations are comprised as a particular case of the gauge-theoretical equations (56) and (57) with (121), (122) and (123). The HilbertEinstein theory in vacuum with cosmological constant derives from the pure gravitational Lagrangian (120) with the constants fixed as a 0 = 1 , a I = 0 , b I = 0 . Accordingly, (121) vanishes, (122) reduces to H αβ = − 1 2κ η αβ , and (123), coinciding with the whole energy-momentum (60) due to the absence of matter and radiation, becomes
The field equations (57) then read
implying vanishing torsion, so that equations (56) reduce to
constituting a well known reformulation of the ordinary Einstein equations in vacuum, which for clarity we also give in their standard form. For more details see for instance [12] .
VIII. HAMILTONIAN APPROACH TO DYNAMICS
In Section IV we discussed covariant field equations as conditions derived from two complementary ways of imposing vertical invariance of the action, namely the principle of extremal action and the symmetry principle. In our exterior calculus notation, the coordinate independent field equations (55)-(57) do not display any explicit reference to the base space. But in Section VI we introduced a base space foliation becoming actually reflected in the notation (even in the language of differential forms) by distinguishing from each other the projections respectively longitudinal and transversal with respect to a certain parametric time direction (defined in the base space).
Associated with such foliation, we presented parametric time evolution as a form of horizontal displacement on the base space, compatible with the field equations guaranteeing vertical invariance. So to say, vertical invariance guides horizontal motions. Bundle connections (that is, gauge potentials) are known to define horizontality in fiber bundles. Thus, provided the field equations hold, connections become responsible for maintaining several vertical features along horizontal paths in the base space. Vertical invariance conditions act as forces or interactions influencing the quantities subjected to horizontal evolution displacements. Here we briefly outline a Hamiltonian formalism suitable to deal with evolution understood in this manner.
A. The Hamiltonian evolution equations
In the present approach, a central role is played by the vanishing Hamiltonian-like 3-form (80), whose transversal part reads
being covariant as a consequence of the symmetry conditions (42)- (44) and (46); compare with the non-foliated expression (82). The relevance of the quantity (130) derives from the fact that it results to occur in the variational formula (9) when foliated as (D12), so that by taking into account (D2) as much as the foliated field equations (D17) and (D18), (D12) yields
Now we introduce the momentum notation
following previous work [12] [20] [26] 5 . By imposing the divergence term in (131) to vanish at the boundary in analogy to the divergence term in (10) , and provided the field equations hold, from (131) with (132) we read out
Next we take the Hamiltonian 3-form to be a functional
, so that by applying the chain rule [20] [26] we get
By comparing (133) with (134) we find the Hamiltonian evolution equations
(Left equations in (135) and (136) are to be interpreted respectively as l n # π Q ⊥ = 0 and l n Q ⊥ = 0.) Eqs. (135), (136) describe Hamiltonian parametric time evolution of any dynamical quantity as given by its Lie derivative along the time-like vector field n. Evolution is generated by the vanishing quantity (130) -we recall that it is the transversal part of (82) and thus of (83)-, which reveals to play the role of an evolution operator.
Generalized Poisson brackets can be introduced [12] [20] [26] , applicable to arbitrary dynamical quantities represented by differential forms. Denoting by Φ either longitudinal or transversal components (76), (77) of pforms, their evolution is given by
More rigorously one should define Poisson brackets for differential forms as 5 We conserve in our notation the Hodge dual star # in three dimensions in order to facilitate comparison with the literature, although this detail may be irrelevant in the present context.
see [26] , with the arbitrary forms α and β representing functionals of the canonical conjugate variables concisely denoted as
, as expected. Parametric time evolution as given by (137) is evaluated along the time-like vector n, the latter constituting a non-dynamical object defined on the base space. Nevertheless, one can alternatively introduce clock time as a suitable dynamical quantity, in such a way that clock time evolution becomes expressed as a relation between fiber variables (21) . A quite natural choice of such an internal time is that of the component ξ 0 of the coordinate-like fields ξ α . Equation (137) can be reformulated so that the Lie derivative l n becomes replaced by a derivative with respect to ξ 0 , see [27] . The price one pays by doing so is that explicit covariance gets lost. A different physical time choice respecting covariance was presented in [20] .
B. Covariance and symmetry generators
Gauge theories are constrained systems [28] . We are going to show briefly the form of the first class constraints acting as symmetry generators in Dirac's Hamiltonian approach [29] in the particular case of the gauge theory of Poincaré ⊗ U (1). Such constraints are generalized Gauss laws corresponding respectively to U (1) , to the Lorentz group, and to translations, the latter ones behaving in close analogy to the remaining symmetries. We aren't going to develop the full Hamiltonian formalism, but in order to outline it we have to use the momentum notation (132) summarizing the various momenta (51) and (52) with (140) we get
. By replacing (139)-(140) as much as the symmetry conditions (42)-(44) into the vanishing Hamiltonian 3-form (130), the latter takes the Lorentz covariant form
The details of the dynamical approach based on (141) will be developed elsewhere, constituting a modified version of the Hamiltonian formalism already published in Refs.
[12] [20] , with the difference that the present formalism is adapted to a different explicit covariance. The last terms in (141) constitute the explicit expansion of the term Q ⊥ ∧ δL ⊥ /δQ ⊥ in (130), proportional to the transversal parts of the field equations. The latter ones vanish separately as much as the remaining Hamiltonian 3-form (130) does. The main reason for keeping them in (141) is that they play the role of first class constraints, and thus of generators of the symmetries involved in the theory [28] . Since the Q's given in (21) 
being identical with the transversal part of the field equations in their form (39)-(41). The covariantized form of (144) is obtained by combining (143) and (144) intô
(Compare with the transversal part of (57).) By building a symmetry generator with the form of the last terms in (141) with the Q ⊥ 's replaced by the usual group parameters, that iŝ
variations of any dynamical variable can be obtained with the help of Poisson brackets (138) as
In particular mainly due to the fact that -up to Dirac deltas-
we are able to reproduce (30) as
and analogously we can calculate the remaining variations (31)- (35) .
IX. FINAL REMARKS
At the end of Section VIII A, we mentioned an example of loss of explicit symmetry -without symmetry breaking-associated with the choice of ξ 0 as clock time. At this point, let us mention further cases of explicit symmetry loss which also result to be useful. For instance, one can find certain similitudes between the gauge equations introduced above and related equations of Classical Mechanics. We begin by reformulating (66) as a force law
(obtained by applying the symmetry principle separately to the matter Lagrangian) with f α being understood as an external force 4-form generalizing the Lorentz force. Using (150) and (48), it is also possible to rewrite (64) as an equation for generalized angular momentum
where the term in the r.h.s. behaves as a generalized torque.
Renouncing to explicit covariance also helps in finding strictly conserved currents from the covariant quasiconservation equations (55)-(57). Actually, true conservation as expressed by the continuity equations (63) and (85) involve ordinary differentials rather than covariant ones, so that exact conservation of tensor quantities cannot be formulated covariantly. Thus let us reformulate the covariant equations (55)-(57) in terms of suitable currents as follows. With the help of definitions (49)-(52), we leave (42) as it is but from (43) and (44) we define respectively the noncovariant linear momentum current
and the noncovariant angular momentum current
so that the covariant field eqs. (55)-(57) become expressible as
Obviously, from (154)-(156) follow the true conservation equations
On the other hand, let us end this section mentioning the possible relevance of translations for interpreting the position-momentum commutation relations of Quantum Mechanics. Indeed, the analogy between (148) and the commutation relations
might allow to regard (160) as the reformulation of a translational property concerning ξ α andP β -or maybe # π ξ β -into the language of operators, with Ξ α as the operator version of our position vector ξ α . Notice in fact that, by introducing G trans := i ǫ µ P µ as the generator of translations, similar to the corresponding piece in (146), we get
as a translational-like variation, while a Poincaré generator, say
analogous to the field variation (149).
X. CONCLUSIONS
Translations are an usually forgotten symmetry in the context of gauge-theoretical dynamics of fundamental interactions. We have shown that, although hidden, they are present in a variety of physical contexts. So, in Newtonian Mechanics, global space translations are responsible for linear momentum conservation. Due to the fact that the same rigid displacement ǫ a in (3) makes sense simultaneously at distant positions, a momentum interchange is predicted to occur between far separated bodies, thus providing a basis for action at a distance. In gauge theories instead, group parameters depend on base space coordinates. Local spacetime translations ǫ α (x) are different at different points, so that only local interchanges -say "collisions"-are admissible. Consequently, action at a distance abandons the scene in favor of an interchange of linear momentum affecting fields locally: interactions mediated by gauge potentials replace remote influence in Newton's manner.
Fiber bundles are known to be the geometrical structures underlying Yang-Mills theories of internal local groups [2] [33] . A slight modification of them also constitutes the implicit geometrical background of the present paper. Bundles merely have to be made enough flexible to accommodate local translations conveniently. Indeed, by embracing the translational group as a gauge symmetry, we accept it to be fully distinguished from horizontal (base space) diffeomorphisms, since gauge transformations are vertical. Notwithstanding, there is possible for translations to actively move from a spacetime position to another provided the affected points aren't presupposed to be identical with base space ones. (See Appendices B and C.) In Ref. [14] we proposed a certain composite bundle as the geometrical framework suitable to deal with the local realization of translations. The fibers of composite bundles are to be visualized as broken lines, with the translational sector (attached itself to the base space) acting as an intermediate base space where other fiber sectors orthogonal to it are attached to. Translations become unified with any internal symmetry, so that all interactions including gravitation can be treated in a homogeneous gauge-theoretical way within a unique structure. As shown in the present paper, geometry and light -gravity and radiation-appear as different aspects of the same unified bundle approach to spacetime and internal forces, all of them obeying similar field equations; see (55)-(57).
The bundle is equipped with an action required to be vertically invariant. Horizontal displacements are subjected to interactions in the sense that they must respect the vertical invariance conditions, that is the (covariant) field equations. However, in our proposal the base space is not dynamical, but it plays the role of a sort of inert screen. Not a base space metric, but tetrads defined on the fibres, and in general quantities built from the fiber variables (21) , are the physical objects affected by dynamical laws. This makes a major difference with respect to ordinary General Relativity, where spacetime is modelized by a manifold equipped with a dynamical metric, being such dynamical spacetime expected to act as the base space of Yang-Mills theories of internal groups when gravity is present. Certainly, in our case as well as in General Relativity, dynamics manifests itself on the base space, where evolution occurs as a horizontal consequence of vertical invariance; also a Riemannian metric (dynamically determined), and thus a full Riemannian geometry, can be defined on our base space. But, remarkably, only as the result of the pullback of the vertical structures considered in the present paper. See [14] for more details.
The coordinate-like translational Goldstone fields ξ α taken from the nonlinear Poincaré Gauge Theory [12] [14] were shown to play a central role due to the nonminimal universal coupling of these translational variables -and thus of gravity-to any other quantity. This fact mainly manifests itself in the contribution of all dynamical fields to the energy-momentum Π α and accordingly to the energy current 3-form (84). (See also Appendix C for a discussion on the relevance of the fields ξ α for the description of motion.) Finally, we recall that we explained why translations, despite their fundamental contributions as made manifest in the present paper, remain a hidden and commonly ignored symmetry, as a consequence of the translation-invariant structure (48) of the tetrads. a mathematical description of motion in terms of the coordinate-like fields ξ α . As a useful notational tool, we introduce besides ordinary Lie derivatives (17) the covariant Lie derivatives [7] , which for the particular case of the time vector n are defined as
For instance
Vertical gauge variations along fibers don't affect the position points (sections) p x due to their invariance (B3). However, when a horizontal displacement occurs between neighboring fibers from position p x to p x+dx along a worldline (that is, along a path parametrized by τ having n as its tangent vector), then according to (B5)
with the quantity
acting as the covariant four-velocity. As read out from (C4), horizontal displacements cause the measurable relative position vector ξ α in (B1) to evolve with respect to parametric time, while a contribution due to the change of origin ensures covariance. From (C4) we get the covariant acceleration
including a sort of force contribution associated to the origin. (In principle, it should be possible to reexpress parametric time evolution as evolution with respect to clock time, say to ξ 0 .) Einstein's general relativistic geodesic equations for classical test particles establish the vanishing of (C5). To get such a simple equation from (66), we have to consider phenomenological matter, for instance that described by a dust model with matter currents J = 0 , τ αβ = 0 and Σ matt α = ρ ϑ ⊥α ϑ β ⊥ η β , being ρ a flow density 0-form. Then, taking into account, as derived from (F3) and (F4) respectively, that η ⊥α = − # ϑ α and η α = − # ϑ ⊥α , and on the other hand η ⊥αβ = # ( ϑ α ∧ ϑ β ) and η α = − # ( ϑ ⊥α ϑ β − ϑ ⊥β ϑ α ) , eq. (66) yields
which for vanishing torsion and l n # ρ = 0 reproduces the desired result L n ϑ α ⊥ = 0 . Fundamental matter gives rise to more complicated equations involving L n ϑ α ⊥ by using either (66) with (100), or (69) with (105), or (56) with the transversal part of the total energy-momentum
(identical with # π ξ α in (139) ), resulting from putting together (100), (105) and (124), the latter one evaluated for (120), with (60) and (87). Let us conclude claiming that there are the dynamical relative positions ξ α involved in the field equations, rather than the underlying quite metaphysical base space points (or their coordinates), that describe observable spacetime.
APPENDIX D: CONSEQUENCES OF THE BASE SPACE FOLIATION
The foliation of the base space considered by us rests on the introduction of a time-like vector field n = n i ∂ i , tangent to a congruence of worldlines, whose direction is fixed with respect to the 1-form N dτ by requiring both to satisfy the condition n⌋(N dτ ) = 1 . In terms of the lapse N and the shift N a functions, it is possible to rewrite the parametric time vector field as n = 1 N (∂ τ − N a ∂ a ) , with ∂ a as space derivatives. In the present appendix we extend the decomposition (75) of any p-form into longitudinal and transversal parts (76) and (77) respectively, to both, exterior derivatives of forms and Hodge dual forms (F7), and then we present a foliated version of the variations presented in Section III A.
In analogy to (75), exterior derivatives decompose as
On the other hand, the Hodge dual of an arbitrary p-form α, as defined by (F7), decomposes as * α = (−1)
being # the Hodge dual operator in the 3-dimensional spatial sheets. Taking (D3) into account, we derive the following results, which are useful to reproduce the calculations of the main text. In the four-dimensional spacetime with Lorentzian signature, the double application of the Hodge dual operator reproduces α itself up to the sign as * * α = −(−1) p α. From this relation we deduce
On the other hand, from ϑ α ∧ e α ⌋α = p α we find
and from the further relation * (α ∧ ϑ α ) = e α ⌋ * α involving Hodge duality we get
